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Abstract—Kernel clustering methods have been used success-
fully to cluster non linearly separable data. In this paper, we
propose a modification of the Kernel K-means, called the Multi-
Scale Kernel K-means, that addresses one important challenge,
which is the automated estimation of the kernel scale parameters
for data containing clusters with different scale values. We
propose a novel method that estimates the local kernel scales
using the local data density in the original space to learn
an adaptive and localized kernel function. Our experimental
results with the Multi-Scale Kernel K-means show significant
enhancements over the standard Kernel Kmeans for data sets
containing clusters with varying scales and densities.

I. INTRODUCTION AND RELATED WORK

Kernel methods have been proposed as an extension of
traditional clustering methods to handle clusters that are not
linearly separable. Instead of clustering data in its original
space, Kernel methods implicitly map the data to a different,
typically higher dimensional space known as the feature space,
and carry the clustering process in this new space. The clus-
tering results are then mapped back to the original space. This
approach outperforms standard clustering algorithms because
the resulting clusters can accomodate non linear boundaries.
Kernel methods have become increasingly popular following
the success of Support Vector Machines (SVM) [2]. A kernel-
ized version of K means was proposed in [4]. Another kernel
version of fuzzy C means and possibilistic fuzzy C-means
were proposed in [14] and [13]. [7] proposed a kernel version
of the Self Organizing Map (SOM) algorithm. [1] proposed
an approach called Support Vector Clustering that allows the
description of the cluster boundaries using support vectors
in the feature space. Despite their success with arbitrary
shaped data sets, both kernel and spectral methods still have
issues dealing with noise and multi-scaled data sets [10], [12].
Also the diversity of kernel functions and the lack of prior
knowledge in most clustering tasks makes it even harder to
choose the right kernel and/or the right parameters. The issue
of scaling with the Gaussian kernel function, that is widely
used as default kernel in many kernel-based algorithms, is one
of the common issues in kernel methods. In order to show the
effect of the scale parameter σ on the performance of a kernel
algorithm such as the Kernel K-means (KKM), we performed
an experiment with the three scale parameters [0.0001, 0.01,
0.1] on the dataset in figure I. The results illustrate how the
underestimation or the overestimation of the scale parameter
can lead to poor results. The difference in the densities of the
three clusters makes it even harder, since there might not be
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Figure 1. Illustrating the difficulty to set the kernel scale for Kernel K-means
for multi-scaled data

a single optimal value of the scale parameter that will help
separate all the clusters.

In this paper, we address two issues of kernel methods,
namely handling data sets with multi-density clusters and
data sets that are contaminated by outliers. We propose a
novel approach that exploits preliminary robust density-based
clustering to estimate the kernel scales. To our knowledge,
there have been no successful density-based clustering in the
feature space due to the nature of kernels, especially due the
fact that the mapping function, in most cases, is not known,
which makes the application of important concepts in density-
based algorithms such as centroids and scales inapplicable. In
our approach, we aim to add the ability to handle multiscaled
data in the feature space not by applying a density based
algorithm in the feature space but by implicitly adjusting the
kernel function. In order to achieve this, we first define a
density function in the original space and we search for the
optimal scales that will maximize the density measure around
each data point in that space.

The rest of the paper is organized as follows: In section II,
we recall the definitions and concepts related to kernel meth-
ods and density-based clustering. In section III, we present
our proposed approach that we call Multi-Scale Kernel K-
means. In Section IV, we validate our method and compare
it to the standard Kernel K means and other methods for
scale estimation inspired from spectral clustering. Finally, we
conclude in Section V

II. BACKGROUND

In the following, we define a non empty set X =
{x1, x2 . . . xn} called the original space or the input space,
where the data samples xi ∈ Rd , a higher dimensional
space F called the feature space, and a mapping function
Φ : X → F .
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A. The Kernel K-Means Algorithm [4]

The Kernel K-Means algorithm aims to find a set of k
centroids CΦ =

{
cΦ1 , c

Φ
2 · · · , cΦk

}
in the feature space F . For

each centroid cΦi , the algorithm defines a Voronoi set ΠΦ
i that

contains all the vectors in the feature space such that cΦi is the
closest centroid in CΦ. ΠΦ

i is defined as follows

ΠΦ
i =

{
x ∈ X/i = argminj‖Φ(x)− cΦj ‖

}
(1)

The centroids in the feature space are defined by equation
2. Since the mapping function is not explicitly defined, It is
not possible to compute the centroids by means of equation
(2). Instead, we use (4) where each centroid is defined as a
linear combination of its related patterns in the feature space,
and where λij is a hard membership coefficient that is equal
to 1 if xΦ

j ∈ ΠΦ
i and 0 otherwise. With this new definition

of the centroids, it is possible to compute the distance values
between any data point and the centroids in the feature space
by using the kernel trick, as shown in (4), (5) and (6).

CΦ
i =

1

|ΠΦ
i |

�
∑

xΦ
j ∈ΠΦ

i

Φ(xi) (2)

CΦ
i =

n∑
j=1

λij � Φ(xj) (3)

‖Φ(xj)− vΦ
i ‖2 = ‖Φ(xj)−

n∑
r=1

λri � Φ(xr)‖2 (4)

= kii − 2 �
n∑
r

λri � krj (5)

+

n∑
r=1

n∑
s=1

λrj � λsj � krs (6)

B. Existing Adaptive Scale Methods for Kernel Clustering

Although there is a lack of self tuning or adaptive scale
estimation methods for kernel based clustering, a few self-
tuning methods have been proposed in the literature for
spectral clustering, which is provably equivalent to kernel
clustering. One such method, called Self Tuned Scale (STS)
Kernel K-means [12] uses the distance to the Kth closest
neighbor to estimate the local scale. Another method [5] is
a variant of the STS and uses the average of the K nearest
neighbors to calculate the local scale. A third method uses
ranking to estimate the scale. These methods are summarized
in Table II.

III. DENSITY-BASED KERNEL SCALE ESTIMATION

Instead of using a kernel function based on a fixed scale, we
propose to use an adaptive scale for each data point. In order to
estimate the scale, we draw inspiration from density concepts
in density-based clustering algorithms such as [9], [8], [3], [6].
Before we present the algorithm, we first introduce the related
definitions and concepts.

A. Definitions

1) Adaptive scale: For every data point m in X , we
introduce a parameter σm that defines a self-tuned influence
zone around m. This parameter will also be used as a scaling
parameter of the distances from m to all the other data points
in the original space X.

2) Robust weight : For every data point m in X we define
an influence zone that is controlled by a robust weight wm,j for

every data point xj relative to m, where wm,j = e

(
‖m−xj‖

2

−2σ2
m

)
and σm is the adaptive scale that controls the decay rate of
the weight function along the influence zone around m.

3) Density: We define the density around a data point m
in X as the ratio of the sum of the weights of the points in
the influence zone of m and the square of the scale

Densitym =

∑n
j=1 wm,j

σ2
m

(7)

4) Outliers: we call an outlier relative to data point m,
every data point xj that falls far from its influence zone (i.e.
wm,j < minw) . We use the Chebyshev statistical bound to
determine the proportion of outliers relative to each data point,
because this bound makes no assumption about the distribution
of the data other than the fact that the scales are well estimated.

B. Scale estimation

Our approach finds the best scale that maximizes this
density, around each data point, given by (7). According to
equation (7), the numerator tries to use as many good neigh-
bors of a data point to estimate the scale, whereas the division
by the scale in the denominator avoids the trivial solution
of including all the data points. Our approach maximizes the
following functional around any given data point xi:

maxJsi =


n∑
j=1

wij
si

, i = 1, ..., n

 (8)

we first assume that si = σ2
i and we use the gradient

method to solve for the optimal scale value, we differentiate
the objective function in (8) with respect to si, while all other
variables are fixed, to obtain equation III-B.

∂Jsi
∂si

=

−1
2s2i

∑n
j=1 d

2
ijwij −

∑n
j=1 wij

s2
i

(9)

We solve equation III-B to find the optimal scale maximiz-
ing the density by letting ∂Jsi

∂si
= 0. This results in

s2
i =

∑n
j=1 wijd

2
ij

2
∑n
j=1 wij

(10)

If we use the standard kernel function with our robust
scales, the symmetry constraint of the mercer kernel is vi-
olated, thus instead, we propose a kernel function Kr given
by equation(11) that satisfies the two conditions of Mercer
Kernels, including the symmetry condition. The Multi-Scale
Kernel K-Means (MSKKM) pseudocode is given in Algorithm
III-B
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k(xa, xb) = e
(
||xa−xb||

2

−2σaσb
)

= e
(
||xb−xa||

2

−2σbσa
)

= k(xb, xa) (11)

Algorithm 1 Multi-Scale Kernel K-means
1: Input : X = {x1, x2..., xn} , where xi ∈ Rd and initial

scale σ0

2: Output : K clusters.
3: for T = 1 : 2 do
4: for i = 1 : n do
5: IF T = 2 THEN σ0 = σi /* use previous local

estimates in the second iteration*/
6: for j = i : n do
7: Compute the robust weights wij
8:

wij = e

(
d2
ij

−2σ2
0

)
(12)

9: end for
10: Compute the robust scale σ2

i

σ2
i =

∑n
j=1 wij‖xj − xi‖2

2
∑n
j=1 wij

(13)

11: end for
12: end for
13: for i = 1 : n do
14: for j = i : n do
15: Compute the robust Kernels Kr
16:

Krij = e

(
‖xi−xj‖

2

−2σiσj

)
(14)

17: end for
18: end for
19: Initialize the cluster centers Vi in the feature space F using

equation 15, where Γ is the hard membership matrix ;

V φi =
n∑
j=1

γijφ(xj) (15)

20: For each cluster Vi, compute the distances between the
data points and the cluster centers in the feature space
using the Kernel trick

21:

‖Φ(xj)− vΦ
i ‖2 = ‖Φ(xj)−

n∑
r=1

γri � Φ(xr)‖2 (16)

22:
23: Update the membership matrix by assigning data points

to the nearest cluster.
24: If change in Γ. Then Go to step (18)
25: Return the k clusters.

IV. EXPERIMENTAL RESULTS

A. Data sets

We test the Multi-Scale Kernel K-means algorithm
(MSKKM) on three benchmark data sets, D1, D2 and D4 from

Figure 2. Data-sets

[12]. We then added background noise to the data sets D2 and
D4. We also used the tool introduced in [11] to create the
dataset D3 . A summary of the data sets is given in Table
IV-A.

Data sets # clusters size Cluster sizes

D1 3 303 106,103,94

D2 3 266 118, 75,73

D2/noise 4 293 118,75,73,31

D3 5 1000 200,200,200,200,2000

D4 3 238 56, 82, 100

D4/noise 4 262 56, 82, 100,24

Table I
DATA SETS

As a comparison baseline, we used the basic KKM in ad-
dition to three existing methods for scale estimation, typically
used with spectral clustering, and summarized in Table II. .

Year name method scale

2004 STS
distance to the
Kth neighbor

σi = di,(K)

2007 ISC
Avg. of distances

over rank
σi =

mean(dist)
lij

2009 NAS
Avg. of K

nearest neighbors σi =

∑
xm∈Vi

di,m

K

proposed MSKKM

Proposed
Density based
Kernel Scale
Estimation

σ2
i =

n∑
j=1

wijd
2
ij

2
∑n
j=1

wij

Table II
COMPARED SELF-TUNING SCALE METHODS.

B. Results

The results obtained with each method are summarized
in Table III. As it can be seen our density based method
outperformed the standard Kernel Kmeans and the other scale
estimation methods. For instance our method resulted in a
better accuracy (99.66) for data set D1 compared to 81.40 for
the standard Kernel Kmeans. In contrast to standard Kernel
K-means,which uses a fixed scale, our method uses the scale
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update equation 10 to compute the optimal scale for each
cluster. In the case of D1 for example, the average scale of
data from the wide-spread cluster was automatically expanded
from 0.01 to 0.016 which allowed this cluster to include as
many data points as possible. The two compact clusters, on
the other hand, have shrunk their scales respectively from 0.01
to 0.002 and 0.003 which allowed them to filter out data
points belonging to the more spread cluster. We plotted the
final clusters obtained by our method and the standard Kernel
Kmeans in figure 3. We also tested the performances of the
above methods in the presence of random noise, by adding
a 10% amount of noise to D2 and D4 . Thanks to using
robust weights and statistical bounds, our method has shown a
significant robustness to noise compared to the other methods.

KKM NAS STC ISC MSKKM P-value

D1 81.40 46.40 57.97 97.06 99.66 0.1104

D2 74.12 49.71 60.62 90.01 99.08 0.0023

D2/noise 76.76 46.13 59.18 88.94 90.79 0.0069

D3 85.16 32.38 44.57 87.26 95.55 9.23e-04

D4 82.18 49.96 59.96 97.65 97.65 1

D4/noise 80.60 47.34 59.55 84.12 90.38 2.90e-23

(a) Accuracy

KKM NAS STC ISC MSKKM P-value

D1 0.57 0.06 00.21 0.94 0.99 0.0697

D2 0.41 0.07 00.24 0.82 0.99 9.61e-04

D2/noise 0.51 0.07 00.25 0.78 0.84 0.046

D3 0.78 0.04 00.15 0.82 0.93 1.08e-04

D4 0.64 0.07 00.21 0.96 0.96 0.9855

D4/noise 0.63 0.08 00.27 0.76 0.89 2.11e-27

(b) Adjusted Rand Index

KKM NAS STC ISC MSKKM P-value

D1 0.57 0.26 00.34 0.95 0.99 0.0454

D2 0.45 0.30 00.37 0.83 0.99 6.72e-04

D2/noise 0.50 0.26 00.34 0.76 0.80 0.0045

D3 0.72 0.15 00.21 0.76 0.91 8.20e-05

D4 0.64 0.30 00.37 0.96 0.96 0.9805

D4/noise 0.61 0.26 00.36 0.79 0.93 1.51e-27

(c) Jaccard index

Table III
RESULTS

V. CONCLUSION

We proposed a density-based kernel scale estimation method
to overcome the limitations of kernel methods with multi-
density data sets. Our approach uses a density-based kernel
definition to find an adapted scale around each data point in
the input space depending on its local neighborhood. This in
turns results in a kernel function that is specialized for each
pair of vectors in the feature space. The resulting approach was
shown to yield better performance compared to the standard
Kernel K-means and existing self-tuning scale methods.

(a) (b) (c)

(d) (e) (f)
Figure 3. Standard Kernel K-means (a,c,e) compared to Multi-Scale Kernel
K-means (b,d,f)
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